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Background

* In 1950s, Ginzburg and Landau developed the standard
theory for phases and phase transitions.
— Very Successful
Xiao-Gang Wen, Rev. Mod. Phys., (2017)
* However, in 1980s, Quantum Hall Effect (QHE) was
discovered as a first example of Topological Phases.
K. v. Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett., (1980)
* In 2005, Kane and Mele proposed Topological Insulators
(Tls) protected by time reversal symmetry.

Bulk — Energy Gap = like an Insulator

Edge — No Energy Gap = like a Metal
C.L KaneandE. J. Mele, Phys. Rev. Lett., (2005)

C. L. Kane and E. J. Mele, Phys. Rev. Lett., (2005)
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https://doi.org/10.1103/RevModPhys.89.041004
https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.45.494
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.146802

Background

* In 2006 and 2007, Fu, Kane and Mele developed a basic
theory of topological insulators including the topological

band theory and 3D topological Insulators.

Liang Fu and C. L. Kane, Phys. Rev. B, (2006)
Liang Fu and C. L. Kane, Phys. Rev. B, (2007)
Liang Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett., (2007)

* In 2008, Qi, Hughes and Zhang construct a topological
field theory that describe topological responses of Tls.
— In 3D Tls, effective action is equivalent to Axion
Electrodynamics. Qi, Hughes, and Zhang, Phys. Rev. B, (2008)
* There are some theoretical proposal that potentially
realize Axion electrodynamics in materials.
Sekine and Nomura, J. Appl. Phys., (2021)
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https://doi.org/10.1103/PhysRevB.74.195312
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevB.78.195424
https://doi.org/10.1063/5.0038804

w,v,p,o=0,1,2,3,---:Indices for space-time

1,9, k, 0 =1,2,3,---:Indices for space

Natural units: h = ¢ = e = 1 (restored when necessary)
Minkowski metric: Mur = diag(]-a -1,-1,-1,--- )
a,B=1,2,3,---:Band Indices
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Electromagnetic Responses of 3D Tls

1. Quantum Hall Effect and Chern-Simons gauge theories
2. Effective Action of 3D Topological Insulators

3. Topological Electromagnetic Response

3.1. Surface Half-integer Quantum Hall Effect
3.2. Topological Magnetoelectric Effect
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QHE and Chern-Simons gauge theories

First, we consider the effecvie action of QHE

S — Cflhl d>zdt " A,0,A,
7T

1 -~
Ch; = yp /d2/€ €7 Tr | fi;] is the first Chern number
AM is the U(1) gauge field

fij is the Berry curvature

> Topological Response (= Hall current) can be calculated as

5Sh) - Chy
B _ prp _ prp
b 5 o e""Po,A, = one"’*0, A,
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QHE and Chern-Simons gauge theories

Next, we consider the 4D generalized QHE

Zhang and Hu, Science, (2001) Bernevig et. al., Ann. Phys., (2002)

* Chern-Simons gauge theory can be defined in odd-
dimenstion space-time.

« (2+1)-d QHE can be generalized to (4+1)-d.

4D QHE is time reversal invariant.
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https://doi.org/10.1126/science.294.5543.823
https://doi.org/10.1006/aphy.2002.6292

QHE and Chern-Simons gauge theories

The effecvie action of the 4D generalized QHE:

Ch
4—|—1 2 4 VpoT
Sag = Y /d xdt e"P°TA,0,A,0,A;

1
3272
127 = 0r,a5” — Ox,a8” +ilai, a;]"” : Berry curvature

Oéﬁ

Chy = /d4k " Tr [fi; fu]  : Second Chern number

= —i (Uak|Ok, [us k) : Berry connection

» Topological Response (= Hall current) can be calculated as

(44+1)
5SCS Ch2 FWPUT@ A a A

o
J 0A, T 8n2
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Effective Action of 3D Topological Insulators

v" Here, we derive the effective action of 3D Tls by
dimensional reduction.

'I:I:!H’ dimensional t’:li’
reduction

= (4+1)-d model

= (3+1)-d model
= Nontrivial topology - = Nontrivial topology
= Time reversal symmetry = Time reversal symmetry

\ % \ %
Effective action Effective action— ?7?
— (4+1)-d Chern-Siomons

gauge theory
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Effective Action of 3D Topological Insulators

We consider the 4D QHE on generalized cylinder.

Gauge field configurations: A,, = (Ao, A1, A2, A3, ®(t,x)/Ly),
which do not depend on the w direction.

Integrate action out with respect to w direction and L, — 0

w D(t, x)

x7y7z
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Effective Action of 3D Topological Insulators

Effective action of 4D QHE can be calculated as

Chy v
St = / dizdt P77 A8, 4,8, A,

1 vpo
= S?/d?)ﬂ?dt Q(t,.’L')EM “ 8pAyapAa-

We define the theta field or Axion field as

1 > 2
O(t,x) = Cho®(t,x) = —— /d3k €Ik Ty [aiﬁjak + giaz—ajak :

A7
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Effective Action of 3D Topological Insulators

Time reversal symmetry constraint quantizes Axion field.

O(t,x) = 0,7 (mod 2m)

v § = () - Trivial Insulators.
vl =m- Strong Topological Insulators.

Therefore, effective action of 3D Tls are given by

2
/ d3xdt 0(t, z)e" P79, A,0,A,

€

8m2he
62

= /d3a;'dt E(t,xz)- B(t,x).

dmhe Qi, Hughes, and Zhang, Phys. Rev. B, (2008)
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https://doi.org/10.1103/PhysRevB.78.195424

Effective Action of 3D Topological Insulators

* Now we have two kinds of strong 7., topological invariants.
9(?37 33) =0, (mod 27T) From Topological field theory

(-1 = J] 6(Ai—(unsns)) From Topological band theory

1 ,’I’Lg,ngzo,l

These strong 7., topological invariants are equivalent!!!.

Wang, Qi, and Zhang, New J. Phys., (2010)

Vo : Can be easily computed
@ : Directly observable in response coefficients
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https://doi.org/10.1088/1367-2630/12/6/065007

Surface Half-integer Quantum Hall Effect

* We consider the situation where z < 0 is the
topological insulator and z > 0 is the trivial vaccum.

- Axion field: 9,0(t, x) = wd(2)

. : 1
» Effective action at surface: S, face = v f dxdydt e#"?A,,0,A,

Then, the current at surface z = 0 is z <0 z >0
\

JHJ E 5ssurface ‘Mypa A '\T’:Zi::m
=0 )

Half quantized Hall conductance!!! - 2
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Surface Half-integer Quantum Hall Effect

Physically, the surface half-integer quantum Hall
effect originates from a single Dirac cone at surface.

* Consider the effective Hamiltonian of 3D Tls at surface
with magnetic impurities. zhang et al. Nat. Phys., (2009)

Hsurface(k:r; ky) — th(kygm — kxay) +m - o

E

« Hall conductance can be computed by

TKNN formula Thouless. et al.. Phys. Rev. Lett.. (1982)
Kohmoto, Ann. Phys., (1985)

62

thgn(mz) Half quantized!!

OH =

Magnetization
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https://doi.org/10.1038/nphys1270
https://doi.org/10.1038/nphys1270
https://doi.org/10.1103/PhysRevLett.49.405
https://doi.org/10.1016/0003-4916(85)90148-4

Topological Magnetoelectric Effect

* Total effective actions in 3D Tls are

Stot — SMaxwell + SSD

R 1 , 1
= [t Bt g LA

2

* 8m2hce

/d33:dt 0(t,x)e""r°0,A,0,A,

F. =0,A, —0,A, :Field strength tensor

PY = P, PY = €% M, : Electric polarization, Magnetization

581:0‘5
JA,
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Topological Magnetoelectric Effect

* We derive the Modified Maxwell Equations in 3D Tls.

V-D =A4mp
10D 4r .
VxH — - 0t ¢ J «:Fine structure constant
V-B=0 . :
1o  Axion Electrodynamics!
VXE+-—=0
A= c Ot
H =B — 47 M A
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Topological Magnetoelectric Effect

v Physically, the topological magnetoelectric effect
originates from a surface half quantized hall current.

(a)E Mt (b) B Pt
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Axion Electrodynamics in Topological Materials

1. Chiral Anomaly
2. Derivation of Effective Action of 3D Tls
3. Dynamical Axion Fields

4. Weyl Semimetals
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Axion Electrodynamics in Topological Materials

* The action for Axion electrodynamics

2
€ 3 vpo
So = 5 [ dxdt 0(t, )77 9, A4,0, A,
e’ 3 pvpo
= 3972 d” xdt Q(t, ZB)E Fp,l/chr

» Actually, Sy originates from the chiral anomaly in (3+1)-d.

‘ First, we review the chiral anomaly.

April 18,2025 Oka group 23



Chiral Anomaly

« The action for Dirac field in (3+1)-d with U(1) gauge fields
S[@,q/},AM] — /d4x @[i’y"”Du — m|yY
D, = 0, —ieA, : Covariant derivative

= =y
* Chira transformation:

G = e’

- In m = 0, the action has chiral symmetry
Sy, 9, Au] =S¥, ¢, Ay
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Chiral Anomaly

* |n quantum mechanics, we require that the partition
function is invariant under the chrial transformation.

/ DYDep e S[PA / DYDY eSIP"Ad]

- The integral measure transforms as Dy/Dy)’ = J(a)DyYDy

J(a) : Jacobian under the chiral transformation

* Therefore, the action transforms as (Chiral) Anomaly!!!
/prqpe (944 /prwe s[4 ]
=15()
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Chiral Anomaly

* In (3+1)-d, the chiral anomaly can be computed as

62

1672

S(a) = —ilog J(a) = /d3mdt ae"’PF,  F ).

v This method for computing anomalies is called

Fujikawa’s method. Fui!kawa, Phys. Rev. Lett., (1979)
Fujikawa, Phys. Rev. D, 21, (1980)

v Recently, there has been significant progress in the study of
anomalies, but | cannot understand all the key concepts.
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https://doi.org/10.1103/PhysRevLett.42.1195
https://doi.org/10.1103/PhysRevD.21.2848

Derivation of Effective Action of 3D Tls

By computing the chiral anomaly, we derive the effective
action of 3D Tls.

The effective Hamiltonian for 3D TIs zhane. et al. Nat. Phys.. (2009)

H(k) = kyo!' + kyo® + k.o + ma*

X m > 0 = Topological Insulators
Clifford algebra: {a*, ozb} — 2440 .p. =
m < 0 = Trivial Insulators

The action for 3D trivial insulators

SW,?%ALJ = /d4x @[iw“Dﬂ@m]w, v = alal.
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https://doi.org/10.1038/nphys1270
https://doi.org/10.1038/nphys1270

Derivation of Effective Action of 3D Tls

On the other hand, the action for 3D Tls

5[15710714“} = /d4ac @[ify“DM@m]w, v = aVa.

— e—iﬂ"‘ys/Qw

/
These two action can be continuously Y=
connected to the chiral transformation. ., _, y — 4 =im7°/2

* Therefore, the effective action from the chiral anomaly

2

o9, = = 3 v po _
S( 2) S BQWZ/da:dth FoFop, =1

Axion term!!!
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Dynamical Axion Fields

v" The Axion field of 3D Tls is quantized to 7T.

v If a system has either time reversal or spatial invarsion
symmetry, the Axion field is quantized to () or 7T.

* Let us consider the following effective Hamiltonian
H(k) = kya' + ko + k.a® +ma* + m'a®, o® = a'a?a’a’.

T 'H(k)T # H(—k) > No time reversal symmetry
P~'H (k)P # H(—k) = No spatial inversion symmetry

Fujikawa’s - m/
‘ 0 = 5(1 + sgn(m)) — arctan — Takes any values!!!
method m
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Dynamical Axion Fields

v In a lattice system, Antiferromagnetic 3D Tls can realize

this Axion field with space-time dependence.

Sekine and Nomura, J. Phys. Soc. Jpn., (2014)
Sekine and Nomura, Phys. Rev. Lett., (2016)

18D_47r

v" Remember the modified VXH_E ot cj
Maxwell equations D—E+4rP+%B-E+%0B
70 70
. opP H=-B_4rM+ =2 1 %E
(jCVXM+ 815) T u T

v P and M1 can be interpreted as an electric current.
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https://doi.org/10.7566/JPSJ.83.104709
https://doi.org/10.1103/PhysRevLett.116.096401

Dynamical Axion Fields

* An electric current originates from the Axion field

. : e” 100(t, )
62
JAHE = ﬂVQ(t, x) X E : Anomolus Hall Effect
2
JCME = - 180(1&, z) B : Chiral Magnetic Effect
2th ¢ Ot

Surface half quantized hall currents correspond to JAHE .
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Weyl Semimetals

* Weyl semimetals as an example of dynamical Axion fields

Hk)=k-(T"®0)+b-(I®0o)—pus(m° ® 1)

* The action for Weyl semimetals

S = /d‘lgy iyt [C% = ALy, = ibm/ﬂw

b, = (us, —b) : Chiral gauge field
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Weyl Semimetals

Zvyuzin and Burkov, Phys. Rev. B, (2012)
» Vazifeh and Franz, Phys. Rev. Lett., (2013)

« By applying Fujikawa’s method

82

S = 3272

/ Brdt 0(t, )P F o Foo, 0t ) = —2ba"

* Computing the electric current, we obtain
2 62

e .
y — — ——u=B
JAHE th X E, JCME M5

* In equilibrium states,
the chiral magnetic effect cannot be realized.
Vazifeh and Franz, Phys. Rev. Lett., (2013)
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https://doi.org/10.1103/PhysRevB.86.115133
https://doi.org/10.1103/PhysRevLett.111.027201
https://doi.org/10.1103/PhysRevLett.111.027201

Conclusion

* The topological field theory that describes topological
responses in 3D Tls can be obtained via dimensional
reduction from the (4+1)-d Chern-Simons gauge theory.

* Topological electromagnetic responses in 3D Tls originate
from a single Dirac cone at the surface.

* There are some topological materials where Axion emerge.
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